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A Causality of NeuSA

NeuSA is a “causal" architecture in the sense that it produces solutions which are evolutionary
by nature, implying uniqueness and continuous dependence on initial conditions. It is generally
impossible to prove the convergence of a numerical method to the solution of a general PDE without
imposing strong restrictions upon the spectrum of initial conditions and the function F. We may
nevertheless prove that the solutions generated by our method have the properties associated with
solutions to evolution problems. For the finite-dimensional system in eq. (4), these properties
are encapsulated in the properties of the associated flow operator ® : [0, T] x Cer*xcaxn
CerxXeaxn defined as:

t
Ptit = fig +/ F(a(r))dr . (14)
0
These operators have the following semigroup properties:

1. There exists an identity element: ®%iy = 11 .
2. The flow is an additive group action: ®!2®i1 1y = dlzrtiqy .
Most importantly, these two properties translate immediately to the causal properties that we aim

to prove: Property 1 implies that initial conditions are enforced, while Property 2 is equivalent to
unicity [7]. Theorem 1 then follows as a consequence of the fact that NeuSA solutions define a flow.

Let Sy, C L?(Q2) be the finite-dimensional subspace spanned by our basis elements b. Consider
now the decomposition operator P : Sy, — C1* X% X" apn jsomorphism mapping each element
of Sp, into the tensor of coefficients of its expansion over the elements of b. We also define the
reconstruction operator PT : C¢1 > Xcaxn _y G mapping the coefficient tensor onto the respective
linear combination of the vectors by. Inference for NeuSA consists of the following steps:

1. obtaining expansion coefficients tig = Pug of the initial data in the basis b (possibly,
projecting ugy onto Sp);

2. acting on ug by the flow of the vector field Fy using NODE,;

3. reconstructing the continuous solution via u(t) = PTa(t).

These steps can be summarized as
t
uy(t) = PT<I>§Pu0 ,  where ®hig =1+ / Fo(a(r))dr. (15)
0
Now we can formulate and prove the following
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Theorem 1. For band-limited initial conditions ug € Sy and globally-Lipschitz neural vector fields
Fy, the orbits created by NeuSA obey initial conditions and are unique:

1. fulfillment of initial conditions: ug(0,x) = u(0,x);

2. uniqueness: uj(0,-) #u3(0,-) = uj(t,-) #ui(t,") Vte[0,T].

Proof. For band-limited functions u € Sy, the decomposition P and reconstruction Pt are bijections,
and P' is the inverse of P:

PTPu=u. (16)
This fact immediately follows from uniqueness of expansion coefficients of any function u € Sy,
for the given basis b. Likewise, for a globally Lipschitz neural network Fy, there exists a flow ®
associated with the NODE di1/dt = Fy (1) (i.e., the flow determined by the vector field Fy(i1)).
Moreover, its orbits are unique. This follows from the classical existence and uniqueness of solutions
for ordinary differential equations in Banach spaces [6, 7.

Property 1 then follows from the uniqueness of the spectral decomposition combined with the flow
properties of ®g:

uy(0) = PT®)Pug = PTPug =g . (17)
Likewise, to prove property 2 we use the uniqueness of the spectral decomposition as well as the fact
that NeuSA encodes the flow ®¢ (under which the orbits do not intersect), represented as follows:

PT® Puy(ty) = PTO PPT®) Pug = PO Pug = up(ta + t1) . (18)
O

As mentioned above, in practice decomposition over the spectral basis b is preceded by the projection
of the initial data onto Sp. The basis b can be always chosen to be large enough to approximate
any smooth function with the required accuracy. Likewise, it is generally reasonable to assume
that common (finite-sized) feedforward networks are globally Lipschitz-continuous, since they are
essentially compositions of Lipschitz maps and Lipschitz nonlinear activations.

B Implementation details

In this section, we provide further details concerning our code implementation. The construction
of the Fourier basis together with the extraction of its coefficients is explained in Subsection [B.1]
Lastly, Subsection [B.2]discusses the numerical scheme adopted to enhance dimensionwise layers for
multiple space dimensions, as they enable efficient modeling of complex interactions across spatial
dimensions while avoiding the prohibitive costs of fully dense layers.

B.1 Spectral decomposition

To operate in the spectral domain, we represent the target functions using a spectral decomposition.
The following subsections describe how the Fourier basis is constructed and how the corresponding
coefficients are extracted.

B.1.1 Constructing the basis

We assume for this section that the domain {2 may be split into a direct product (e.g., into a direct
product of 1D intervals), leading to the following product representation for the basis:

d
bi(x) = [ [ br. (x:) (19)
1=1

For example, the standard Fourier basis functions may be expressed as the products of the following
form (up to a normalization constant):

d

by (x) o< [ [ expliwg,x:) (20)
i=1
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or, likewise, in terms of the respective sine/cosine functions, depending on the boundary conditions
that have to be imposed.

In addition to enabling our initialization procedure, initializing b as the Fourier basis tends to result
in non-sparse representations for nonlinear and/or non translation-invariant dynarmcsl [S)]. While in
the context of numerical solution of PDEs this is often undesirable, in the context of neural networks
this will become an advantage, as denser connections between coefficients should lead to (positive)
overparametrization [4].

Nevertheless, the Fourier basis has limitations. Foremost among them is its strictly non-local nature,
which often results in difficulties when reproducing highly localized PDE solutions. For this reason,
we make the basis b learnable.

In practice, we implement learnable bases by applying learnable orthogonal maps Oy to the Fourier
basis elements and the Fourier coefficients associated with he initial conditions ug. These maps are
initialized near the identity and remain orthogonal throughout training by means of a specialized
parametrization [[1]], which is available in most modern deep-learning frameworks . The spectral
projection and reconstruction operators (see Appendix A) can then be represented as:

Pu = OgPeowiert, Pla= Pl . O, 1)

where Proyrier and I Foumr denote the decomposition and reconstruction operators for the Fourier
basis, respectively. We observed that this addition moderately increases performance, at very little
additional computational cost.

B.1.2 Extracting the coefficients i and evaluating derivatives

In order to perform the spectral decomposition u — 1, we sample the function over /N collocation
points {xi}fial and represent it in terms of [V basis terms. This may be expressed as:

= w(t)bp(x’), i€l,...,N, (22)

where k is a d-dimensional multi-index with [V elements. This is a linear system that can be solved
in a straightforward manner; for example, given a grid structure, the Discrete Fourier Transform and
its variations may be used. As it is usually done in the literature on spectral methods, we can simplify
the basis representation by reshaping the domain via a transformation y, leading to:

x') = Zflk(t)bk(X(Xi))~ (23)
%

Differentiation then takes place as described in Section 2:

d
d?utx Zuk Ebk(( x1)), (24)

where the chain rule is used to calculate the right-most term. For a concrete example, a 2D problem
expressed in the Fourier basis over a square domain {2 = [—L, L] x [—L, L] may be mapped into the
canonical domain [—m, 7] X [—m, 7] with the transformation y(x) = 7x/L, leading to the following
form for the derivatives:

d . mw
Eu(t,xl) = Z Lk Hexp (iwk, %x;) - (25)
J k =1
d? i TW,
@u(t,x )=— Z ( ) Hexp (lwk, X;) . (26)
J k

IThis can be easily seen from the Fourier convolution theorem as it appears when expressing nonlinear or
non-translation-invariant equations in the Fourier basis: pointwise products become convolutions involving
coefficients that are possibly far apart, resulting in dense connectivity matrices.
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In geeneral, linear translation-invariant differential operators may be obtained as a polynomial on the
frequencies w, leading to the following representation for the Fourier multiplier M used as part of the
initialization:

d &
) 2 .7 ) - ..
Fiinear(u, Vu, V2u,...) := aou + Z an g out Z a2 e 27)
i i,j
. 2
2 N L ITTW, T W, W
Flinear(u) =M ® u, with Mk =aqg + Zali ( Lk ) — Zagij <L2> + - 5 (28)
i %

i.e. the k-indexed element of the multiplier M is given as a polynomial over the frequencies w. This
multiplier may then be used for the initialization procedure described previously. For example, the
Laplacian operator in 2 space dimensions may be represented as:

My = — ). (29)

L? L?
Analogous schemes are also used for the sine and Fourier basis.

B.2 Dimensionwise layers for multiple space dimensions

Spectral methods inherently induce dense interactions between coefficients, even across distant modes.
However, in multi-dimensional settings, employing fully dense layers becomes computationally
prohibitive. In particular, we can discuss the case of the 2D wave propagation problem presented
in the experiments section: note that discretizing each dimension with just 100 spectral coefficients
yields a total of 10* basis elements. A single dense linear layer operating on this space would then
require O(108) parameters. As a result, when such layers are applied repeatedly (as would be done
by a Neural ODE using it for a vector field), the computational cost becomes excessive.

Similar challenges in computer vision have led to the development of convolutional neural networks
(CNNs), which employ finite-support kernels to create localized linear connections among neigh-
boring nodes. However, this approach is ill-suited to our setting. First, CNNs are built to embed the
translation invariance inherent to image recognition tasks, which is a property that does not generally
apply to our problems. Moreover, their local receptive fields restrict long-range interactions, which
are essential in spectral representations.

Instead, it is necessary to construct a layer that performs the dense and global-reaching connections
associated with spectral methods while remaining parameter-light. We have opted for low-rank,
dimensionwise linear layers, as shown in Fig[7}

These networks consist essentially of a Hadamard (element-wise) product followed by alternating
dense linear transformations applied row-wise and column-wise. This structure can be efficiently
implemented by combining tensor transpositions with batched matrix multiplication operations
available in PyTorch and similar deep-learning frameworks (see Algorithm|[T). For instance, given 2D
coefficient matrices 0i(t) € R™*™ and layer parameters A € R™*", B € R"*" and C € R"™*™,
this yields:

1. Element-wise scaling (Hadamard product):
a— a0 A

where each element 1,; is multiplied by the corresponding A;;.

2. Row-wise linear transformation:

1 1 B

) ’I"QB
— .

Tm rmB

where each row vector r; is multiplied by the matrix B.
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3. Column-wise linear transformation:
[c1 c2 -+ cpl—=[Cer Cea -+ Cep)

where each column vector ¢; is multiplied by the matrix C.

The matrix G can be visualized as

up 1 up 2 AP Ui n T1

R uz1 uz 2 e uzn T2

u= = =lcr co Cn)
Um,1 Um,2 <o Umn T'm

)

Each of these layers applied to a 2D spatial domain of dimensions m, n requires O(mn) parameters
and operations, in contrast to the O(m?n?) complexity of a naive fully dense layer. This approach
allows us to leverage the “densification” inherent to spectral methods, enhancing deep learning
performance, while reducing computational and memory demands. In practice, we have found
these layers to be effective drop-in replacements for dense linear layers when handling large, multi-
dimensional inputs.

Algorithm 1 Implementation of dimensionwise layers for a two dimensional input

U < input () >0 e R™X"
a+ueA > Hadamard (pointwise) product, A € R™*"
U < linear(a, B) > Batched matrix multiplication, B € R"*"
i+ al > Transpose
U < linear(u,C) > Batched matrix multiplication, C' € R™*™
i+ al > Transpose
1+ act(n) > Nonlinear Activation

As illustrated by comparing Figs. [6] and[7] these layers stand in contrast to convolutional layers,
yet serve a complementary purpose. While convolutional layers impose sparsity through local
connectivity and translation invariance, dimensionwise linear layers aim to preserve sparsity while
retaining long-ranging connections. They can also be interpreted as low-rank tensor applications or
Kronecker products.

ha\
\_
YT

Hadamard Row — wise Column — wise

Figure 7: Schematic for dimensionwise linear transformations.

C Experimental details

In this section, we provide further information concerning hardwares and licensing. We also discuss
additional details on the numerical experiments presented in Section 3 of the paper.
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Hardware and resources. All experiments were executed on identical machines, containing an
Nvidia RTX 4090 GPU with 24GB VRAM, an Intel i9-13900K processor, and 128GB RAM.

Licenses. The code is implemented in Python using the libraries PyTorch (version 2.1.0) and
torchdyn (version 1.0.6), distributed under the BSD 3-Clause and Apache licenses, respectively.

General setup for numerical experiments. All experiments are evaluated against a ground-truth
solution obtained using a state-of-the-art numerical method. For each model and experiment, we
report the error metrics IMAE (relative L; error) and rMSE (relative Lo error) between the predicted
solution upeq and the ground-truth solution ugr, computed over N evaluation pairs (¢;,x;), as
follows:

SV tprea(ti; X)) — uar (£, %))

IMAE = -
2=t luar (ti xi)]

. (30)

N
> iz (Upred (ti, %) — ugr (b, Xi))2
N 2
i (uar(ti, xq))
In the particular case of the Burgers’ equation, where the output is a 2D vector (u, v), the rMAE and

rMSE are computed separately for each component, and their average is reported as the final error
metric.

rMSE = (31)

Due to memory constraints, it is not feasible to feed the entire spatial grid to the MLP-based
architectures for 2D equations. Instead, we adopted random uniform sampling at every step. For
PINN, QRes, and FLS models, we sample 10, 000 points for the PDE residual, 1000 points for the
initial condition and 500 points for the boundary condition. In contrast, PINNsFormer generates a
temporal sequence of five collocation points for each sample, which are then processed through its
encoder-decoder architecture. To ensure comparable memory usage and training time with the other
baseline methods, we train PINNsFormer on the Burgers’ and wave equations using 2, 000 points for
the PDE loss, 200 for the initial condition, and 100 for the boundary condition. This corresponds to
one-fifth of the amount sampled for other baseline methods.

C.1 2D wave equation

. . . ou )
For the wave equation, by introducing v = i we can rewrite the problem as a system of first-order

equations (with respect to time) given by

gu =v
o
(32)
gv =2 (x)Au
o '
The vector field to be learned by NeuSA is defined as:
Po(t) = o (33)
W=\ Moa+eFa) )

where i = (1, 0), the weight e = 1 and the entries of the matrix M as defined in (29). Using a
simplified version of Fy that takes only ¢ as input accelerates learning, as © does not influence the
equation, and also enables a more compact model. The heterogeneous three-layer medium, depicted
in Fig. has its velocity field defined as

c(z,y) = 1.0 + 0.25(sigmoid (1000(y — 0.5)) + sigmoid(1000(y — 1))). (34)

To train the NeuSA model, we simulate an infinite domain by extending the original spatial region
from [—2,2] x [—2,2] to [—4,4] x [—4, 4]. The extensions of the original domain are designed to
ensure that, within the simulation’s temporal window, any reflected waves do not re-enter the original
region of interest. This effectively prevents boundary artifacts from interfering the solution. We use
201 x 201 basis elements and integrate over 201 time steps, creating a grid with a spatial step of
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Figure 8: The heterogeneous media with three and four layers for the wave propagation experiments.

Az = Ay = 0.04 and a temporal step of At = 0.01. For the spectral decomposition, we adopt a
cosine basis.

For the baseline models, we set the initial condition weight to 103 (on both Dirichlet boundary
condition and first-order initial condition. See Eq. (11) in the main text). This weighting led to
consistently improved accuracy across experiments.

The ground-truth solution is calculated using a standard finite central difference scheme for the
second derivatives with order 8 in the space and order 2 in time [3]], with a spatial step of 0.01 and a
time step of 0.001. The domain was also extended to simulate an infinite domain.

We conduct a second experiment on the wave equation, considering a four-layer heterogeneous
medium, as shown in Fig. [8(b)] These layers are chosen to create a more interesting and complex
wave-field pattern. Qualitative results shown in Fig. [Q]indicate that our architecture faces significant
challenges in accurately simulating wave propagation in more complex media, particularly where
thin overlapping layers are present. Nevertheless, our method still achieves the lowest rMSE among
all models, highlighting its potential.

PDE loss curves

GT PINNs Qres FLS PINNsFormer ~ NeuSA (ours)

»)
d
>
)

] — PINNs
0.00 =~ Qres
— FLS
—— PINNsFormer
-0.08 10764 —— NeuSA (ours)

@)
BN

rMSE 0.9089 0.2042 1.0699

0 250 500 750 1000 1250 1500
Traning time (s)

Figure 9: Time snapshots of the solution of the wave equation for a four-layer medium for each model
(left), and the evolution of the PDE loss over training time for each model (right). As NeuSA does
not need to learn the initial condition, the PDE loss curves on the beginning of the training show that,
while NeuSA is learning how to satisfy the PDE loss, the other models are still trying to learn the
initial condition. Therefore, during the early stages of training, the PDE loss in the baseline models is
not directly connected to the model’s convergence, making the training slower.
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C.2 1D sine-Gordon equation

) ou . .
Let us define again v = —, which allows us to rewrite the problem as a system of first-order

equations (with respect to the time derivative) given by

9.,
8tu =,
(35)
gv = Au — 10sin(u)
ot '
From this and Eq. (12), the vector field to be learned from NeuSA can be defined as:
Fo(d) = ! 36)
W=\ M o+ eFo()

where the weight e is set to 0.1, and the entries of the matrix M are taken as defined in (29).

Owing to its architectural design, NeuSA automatically satisfies the initial condition, while the
use of a sine basis ensures compliance with the boundary condition. For the baseline models, we
adopted a weight of 102 to the initial condition, as this choice yielded the most accurate results in our
preliminary experiments.

In contrast to the experiments involving 2D equations, training for the sine-Gordon equation can be
performed using the full spatial grid at each step. Since PINNsFormer produces 5 training points per
grid location, it is trained on a coarser regular grid of size 101 x 101, whereas all other models are
trained on a finer 201 x 201 grid. This choice of grid size presented a reasonable balance of training
time, accuracy, and memory usage.

The ground-truth solution was computed through a pseudo-spectral method combined with a 4th-order
Runge-Kutta integrator. We used a time step of At = 0.001 and a spatial resolution of Az = 0.04.

C.3 2D Burgers’ equation

Since the Burgers’ equation is a first-order partial differential equation in time, its conversion into a
system of nonlinear parabolic equations results in

—u—VAu—u@—v@
ot Ox oy’
(37
v ov
—0=VAV —U— — V.
5V = VAV —uo Uay
From this and (13), the vector field for NeuSA can be directly defined by
f oo (VMO U+ eF(h,0)
Fo(u) = (VM © 0+ eF (1, 0) (38)

where M is given in (29), and the weight e is set to 0.1. Also, Fj' (@, 0) and F§ (@, 0) are the neural
networks whose parameters we optimize during training, so the loss function is composed by the
residues of each of them. The equal subscript 6 on both is a slight abuse of the notation, since the
parameters of these networks are not the same.

NeuSA inherently satisfies the initial conditions by construction (Theorem 1), and the use of a Fourier
basis for the Burgers’ equation ensures that periodic boundary conditions are also met automatically.
For the baseline models, we set the initial and boundary conditions weights to A;¢ = 102 and
Apc = 1, as these values produce the best performance in preliminary experiments.

The results presented in Table 1 for the Burgers’ equation correspond to model training and evaluation
over the time interval [0, 1]. We compare them and the extrapolation experiment with a ground-truth
obtained through a pseudo-spectral method integrated with a 4th-order Runge-Kutta for the time
interval [0, 2]. The temporal and spatial discretizations are set to At = 0.001 and Az = Ay = 0.02,
respectively. Figure[T0]provides a visual comparison of the predicted solutions and their corresponding
Ly errors. Notably, NeuSA, FLS, and QRes closely replicate the qualitative behavior of the ground-
truth solution, while vanilla PINNs only approximate the solution, and PINNsFormer fails to converge.
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Table 2: 2D Wave: mean and standard deviation of rMAE, rMSE and runtime (TT).

Model rMAE rMSE TT
mean std mean std mean  std
PINN 766 x 107 1.27x 107" 545x 107! 831x1072 566 7.2
QRes 154 x 1071 345 x 1072 1.15x10"' 3.10x102 750 24
FLS 887 x 1071 1.63x107! 590x 107! 9.96x 1072 577 55
PINNsFormer 1.56 2.78 x 1071 1.07 141 x 101 1,484 3.4
NeuSA (ours) 1.02x 107! 342x 1072 7.49x1072 224x10°2 530 1.4

Table 3: 1D Sine—Gordon: mean and standard deviation of rIMAE, rMSE and runtime (TT).

Model rMAE rMSE TT
mean std mean std mean std
PINN 1.70 x 107t 331 x 1072 1.39x 107! 470x107% 976 414
QRes 258 x 1072 450 x 1072 1.99x 1072 2.80x 1072 1,315 49.0
FLS 143 x107Y 720x 1073 1.35x 107! 2.01x10"2 1,015 68.3
PINNsFormer 7.85 x 107! 4.95 x 107! 6.81 x 107! 3.31 x 10! 3,333 186.6
NeuSA (ours) 1.23x 1073 1.49x107° 9.16 x10™* 5.98x 1076 215 1.3

Table 4: 2D Burgers: mean and standard deviation of rMAE, rMSE and runtime (TT).

Model rMAE rMSE TT
mean std mean std mean std
PINN 1.65 x 107! 891 x1072 221 x10°! 930x1072 871 2.9
QRes 232x1072 1.90x 1072 727x1072 1.60x10~2 1,135 2.3
FLS 147 x 107! 7.68x 1072 2.02x 107! 8.08x1072 885 0.3
PINNSsFormer 1.06 1.91 x 1071 1.05 1.71 x 10~% 2,294 108.1
NeuSA (ours) 7.66x 1072 1.96 x 1072 1.15x 10! 1.71 x 1072 62 0.2

C.4 Quantitative results

The 2D experiments (Burgers’ and wave equations) were run with 7 different seeds each, while the
1D sine-Gordon experiment was run with 3 different seeds. The relative L; and Lo metrics and
training times (in seconds) presented in the paper are an average over all random seeds. In Tables
[21 3] and @] we list the mean and standard deviation of these values for the three main experiments
reported in the paper, namely, that of 2D wave equation in Section 3.1, 1D sine-Gordon equation in
Section 3.2, and 2D Burgers’ equation in Section 3.3, respectively.

D Limitations

As mentioned in Section 2.1, NeuSA requires the initialization of the linear model, which may be not
obvious. For Burgers’ equation, for example, we have found the best results initializing NeuSA near
solution to the associated heat equation. As is well known, however, some linear PDEs may turn out
to be stiff when expressed in the spectral domain.

This stiffness may introduce instability into the integration of the Neural ODE. When we apply
spectral decompositions to the Korteweg—de Vries (KdV) equation [2]], for example, the resulting
systems of ordinary differential equations becomes essentially stiff, especially when a wide range of
frequencies is considered. This will lead to excessively high values of the eigenvalues of the matrix
used to implement the associated solver, and may resolve with a numerically unstable solution.
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Figure 10: Time snapshots of the u-solution of the Burgers’ equation for each model (left), and the
evolution of the Lo error over training time for each model (right).

This numerical issue does not arise in a wide range of equations of interest. Consider, for instance,
the canonical example of the wave equation:

After Fourier Transform
d |1 7 0 I .
o [14 =A [g} ,  where A = [D 0} and D = —diag(1,..., N?). (40)

The block matrix A has eigenvalues A = +ik, for k = 1,..., N. According to the stability region
of the Runge-Kutta method, a time step of h = O () is required for the wave equation, which is
significantly larger than the time step required for the KdV equation.

This indicates that the Runge-Kutta method allows for a larger time step when applied to the wave
equation compared to the KdV equation, thereby improving the practicality and efficiency of our
method for a broad class of problems, including those involving wave phenomena.
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